> 



1. Introduction 



NON-LOCAL HEAT FLOWS AND GRADIENT ESTIMATES ON 

CLOSED MANIFOLDS 

'6s 
o 

q , LI MA, LIANG CHENG 

Abstract. In this paper, we study two kind of L 2 norm preserved non-local 
^ ' heat flows on closed manifolds. We first study the global existence, stabil- 

, ity and asymptotic behavior to such non-local heat flows. Next we give the 

gradient estimates of positive solutions to these heat flows. 
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o 

, In this paper, we consider the global existence, stability, asymptotic behavior 

and gradient estimates for two kind of L 2 preserving heat flow which have positive 
solutions on closed manifolds. This is a continuation of our earlier study of non- 
local heat flows in [5] and [8]. Our work is also motivated by the recent work 
of C.Caffarelli and F.Lin [2], where they have studied the global existence and 

■ regularity of L 2 norm preserving heat flow such as 

■ d t u = Au + X(t)u 

■ 

with 

fo \Vu\ 2 dx 

t> ■ A(<) = Jn ' ' ■ 

O; S n uHx 

ON . They also extend the method to study a family of singularly perturbed systems of 

non-local parabolic equations. We remark that the non-local heat flow naturally 
arises in geometry such that the flow preserves some L p norm in the sense that 
some the geometrical quantity (such as length, area and so on) is preserved in the 
geometric heat flow. For more references on geometric flows such as harmonic map 
heat flows and non-local heat flows, one may see pQ, [S],[E] and [S]- 

We firstly study the following linear heat flow on a closed Riemannian manifold 
M, 

d t u = Au + X(t)u + A(x,t) inMxR + , 
u(x, 0) = g{x) in M, 

where g G C 1 (M), A{x,t) is a given non-negative smooth function, and A(i) is 
chosen such that the flow preserves the L 2 the norm of the solution. In fact, a 
direct computation shows that 

— — f u 2 dx = I uu t = — [ Vu\ 2 dx + A(i) f u 2 dx + f uAdx. 



M JM JM JM JM 



Date: May 26th, 2009. 

* The research is partially supported by the National Natural Science Foundation of China 
10631020 and SRFDP 20060003002. 



1 



(1.1) 



2 LI MA, LIANG CHENG 

Thus, one has A(t) = -^ AJ ^ Y" 2 ^ A ^ dx to preserve the L 2 norm. Without loss of 

generality we may assume f M g 2 dx = 1. Thus we are lead to consider the following 
problem on the closed Ricmannian manifold M 

d t u = Am + X(t)u + A(x, t) in M x R+, 
u(x, 0) = g(x) in M, 

where A(t) = / M (|Vu| 2 - uA)dx, g(x) > 0, J M g 2 dx = 1. 

We next study the following nonlinear heat flow on the closed Riemannian man- 
ifold M, 

d t u = Au + \{t)u - u p in M x 1 + , 
u(x,0) = g(x) in M, 

where p > 1, which has the positive solution and preserves the L 2 the norm. Like- 
wise, 



— — / u l dx 
2dt 



/ u 2 dx= / uu t = - \Vu\ 2 dx + A(i) / u 2 dx- I u p+1 dx. 
J m Jm Jm Jm Jm 



Thus, one must have X(t) = +1L. — to preserve the L 2 norm. Without 

loss of generality we assume J M g 2 dx = 1. Then we consider the following problem 
on closed Riemannian manifold M 



(1.2) 



d t u = Au + X(t)u - u p in M x K+ 
u(x, 0) = g(x) in M 

where p > 1, A(i) = J M (|Vu| 2 + u p+1 )da;, g(x) > in M, f M g 2 dx = 1 and 
geC\M). 

Similar to the global existence results obtained in C.Caffarelli and F.Lin [2], we 
have following two results. 

Theorem 1. Problem hl.l)) has a global non-negative solution u(t) G L°°(R + , H l (M))C\ 
L 2 oc (R +1 H 2 (M)) ifA£L°°(R + ,H\M)) . 

Theorem 2. Problem \1.2i) has a global positive solution 

u(t) e L oc {R+,H 1 (M)) n L°° (K+ , L p+1 (A/)) n L 2 oc (R + ,H 2 (M)). 

We also have the stability results for both problem (II. ip and (|1.2p . 



Theorem 3. Let u, v be the two non-negative solutions to problem U.l\) with initial 
data g u ,g v att = 0. Suppose A S L°°(E + , H l {M)). Then 

\\u - v\\ 2 L 2 < \\g u - g v \\ 2 L 2 exp(Cit) 

and 

||V(u - v)\\h < ||V( 9 „ - ft,)||£ a exp(C 2 i), 
where C{, i = 1,2, are constants depending on the upper bound of\\g u \\H^(M)i Hfl^H/r^M) 
and ||^4||i,oo(R + ,iji(M)) • particular, the solution to problem is unique. 

Theorem 4. Lei u, i> oe i/ie iwo bounded positive solutions to problem ll.2\) with 
initial data g u ,9v at t — 0, where g U i9v € H 1 (M) n L°°(M). Then 

\\u - "His < Hffu - ff«||la exp(Cii) 

and 

||V(u - m)|| 2 l2 < ||V( Su - ffo )lli» exp(C 2 i), 
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where d, i = 1,2, are constants depending on the upper bound of\\g u \\Hi(M)> \\9v\\h 1 (m) 
and \\g u \\L°°, ||<?u|| .£,<*>• In particular, the solution to problem ll.ty) is unique. 

As the simple applications to TheoremQ]and thcorcm[2l we can study asymptotic 
behavior of u(t) of problem (jl.ip and problem ljl.2|) . We have the following two 
corollaries. 

Corollary 5. Suppose A e L°°(M.+ , H 1 (M)) n L 2 (M+, L 2 (Af)) m Theorem^ Let 
u(t) be the solution to problem (1.1]) . Then one can take fj — » oo suc/i i/iai A(i^) — ► 
Aoo, u(x,ti) Uoo(a;) inH l (M) anduoa solves the equation Auoo + AooUqo + A = 
m M twift J M |uoo| 2 c?x = 1. 

Corollary 6. Suppose u(t) is the positive solution to problem (1.2\) . Then one can 
take U — > oo such that A(t^) — > A,^, tj) — v 1/00(2;) in H 1 (M) and > solves 
the equation Au^ + AoqUoo — = in M with J M |woo| 2 dx = 1. 

In the study of geometric analysis as well as other elliptic or parabolic equations, 
it is well known that the Harnack inequality plays a important role (see for instance 
[4], [13] and [15] ). As showed in [15], the Harnack inequality for positive solutions is 
a consequence of the gradient estimates for positive solutions. We have the following 
gradient estimates for the type of heat equations related to problem (|1.1| and ljl.2|L 

Theorem 7. Suppose M is a closed Riemannian manifold with Ricci curvature 
bounded from below by > —K. Let u > be a smooth solution to the heat equation 
on M x [0, T) 

[d t - A)u = X(t)u + A(x,t). 
Let, for a > 1 and w = logu, 

F = t(|Vw| 2 - aw t + a(X + u^A)). 
Then there is a constant C^it^ 1 , |^4|, |VA|, \ AA\, K, a,T) such that 
sup F < C(\u\~\ \A\, \VA\, \AA\,K, a, T). 

Mx[0,T) 

Theorem 8. Suppose M is a closed Riemannian manifold with Ricci curvature 
bounded from below by > —K. Let u > be a smooth solution to the heat equation 
on M x [0, T) 

(d t - A)u = \(t)u - u p . 

Let, for a > 1 and w = logu, 

F = t(|Vw| 2 - aw t + a(X - 
Then there is a constant C(u p ~ 1 , K,a,p,T) such that 

sup F < C(\u\ p -\K,a lPl T). 

Mx[0,T] 

The proofs of the results above are similar to our earlier work [TT] . 

This paper is organized as follows. In section [5] we study the global existence, 
stability and asymptotic behavior of solutions to the problem (|1.1[) and problem 
(|1.2p . In particular, we give the proofs of theorem [T] to theorem H] corollary [5] and 
corollary[6] In section[3]we do the gradient estimates for problem (|l.ip and problem 
& 
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2. GLOBAL EXISTENCE AND STABILITY PROPERTY 

In this section we study the global existence, stability and asymptotic behavior 
of solutions to the problem (jl.ip and problem (|1.2[) . For global existence, we use 
the idea of [2] theorem 1.1 and construct a series of solutions to linear parabolic 
equations to converge to the solution of the non-local heat flow. 

Proof of Theorem [T] Let us define a series non-negative functions by 

(2.1) \ cW fc+1) - Au( fe+1 ) + \W + A, 
( u^(x,0)=g(x), 

which are a series of initial boundary value problems of linear parabolic systems. 

To prove the convergence of the series {u^} constructed above, we estimate for 
k > 

(2.2) l± [ \u^\ 2 dx+ [ \Vu( k +V\ 2 dx = \W{t) [ \u^\ 2 dx 
Im Jm Jm 



2 dt 



u {k+1) Adx, 

M 



(2.3) 



I* [ \Vu^\ 2 dx+ [ \Au^\ 2 dx = X^(t) f \Vu^\ 2 dx 
2 dt Jm Jm Jm 

+ f Vw (fc+1) • \7Adx, 



M 



(2.4) 



11/ \Vu^\ 2 dx+ I \ u [ k+ V\ 2 dx=^®l f \ u ^)\ 2 dx 
2dtJ M l ' 7 M * 2 dtJ M l 1 

ffc+i) 



u± ' Adx. 

M 



Since 

A (fe) (*) < Im |Vm w | 2 , by we have 

1 d 



2dt 



Vu^\ 2 dx < \W(t) \Vu {k+ V\ 2 dx+ Vu^-VAdx 
m Jm Jm 



< ([ |V M «| 2 ) / \Vu^\ 2 dx + l [ \W k+1 ^dx 
Jm Jm 2 J M 

\VA\ 2 dx. 

M 



Now we define ci = max(l, \\A\\ 2 (R H i (M ^), we get 



dt 
Hence 



£«>(R + ,.ff 1 (Af))/' 

1([ |W fc+1) | 2 dr + ci) <2( f \Vu { ^\ 2 dx + Cl ){[ \Vu^ k+1 \ 2 dx + Cl ). 
m Jm Jm 



)dt). 



f \Vu {k+1) \ 2 dx + Cl <([ \Vg\ 2 dx + Cl )exp{2 f ( f \Vu^\ 2 dx + ci 
Jm Jm Jo Jm 

By induction, there is S depending only on J M \Vg\ 2 dx and | \A\ \l°°(r + ,h 1 (m)) such 
that 

(2.5) f \X7u {k+1 1\ 2 dx < ci, for t G [0, S\, k > 1, 

Jm 
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where d x is a constant depending on J M \S/g\ 2 dx and \\A\\^(^ l+: h 1 (m))- Hence 
A (fc+i) < j M \\/ u (k+i)\2 dx < ^ By ^ we have 

£ / lu^pdi < 2A«(t) / | M < fc+1 )| 2 dx + 2 / 

"•t J M JM JM 

< (2A (fc) (i) + l) / \u {k+ ^\ 2 dx + f \A\ 2 dx. 

JM JM 

Hence, 

(2.6) f |u (fe+1) | 2 da; < c 2 , for t G [0, S], k > 1, 

J M 

where C2 depending on J M \g\ 2 dx and ||^4||i,«>(b + ,h 1 (M))- Now integrate (|2.3| with 
t, we get 

-/ \Vu{t)( k +V\ 2 dx~- [ \Vu(0)^\ 2 dx + [ [ \Au^\ 2 dxdt 



A w (<) / \Vu^\ 2 dxdt+ / V« (H1) • V^dxdt. 

JM JO JM 



We have 



f f \Au^ k+1) \ 2 dxdt < I f \Vg\ 2 dx + f X (k) {t) f \Vu (k+1) \ 2 dxdt 
Jo Jm 2 J M J Q J m 

W fe+1) • VAdxdt. 



JM 



Hence, 
(2.7) 



f f \Au (k+1) \ 2 dxdt < c 3 , 
Jo Jm 



where c 3 depending on J M \Vg\ 2 dx and ||^4||L°°(R +! _ff 1 (A/))- We integrate (|2.4[) with 
t and we get 

l - [ \Vu{t)^\ 2 dx- 1 - [ \Vu(0Y k +^\ 2 dx+ [ [ \u[ k+1) \ 2 dxdt 
2 Jm 2 J M J Q J m 

f \ 1i W)\* dxdt + f f u { t +1) Adxdt. 
2 dt J M J J m 

We then have 

i { t +1) \ 2 dxdt< 1 - j \Vg\ 2 dx+ [ S ^^-i f \u( k+l) \ 2 dxdt 
/(i / \; 2 J M J 2 at J M 

{k+1) Adxdt. 







Hence 



(2.8) / / \u[ k+1) \ 2 dxdt<c 4 , 

Jo Jm 

where c 4 depending on J M \Vg\ 2 dx and ||A|| L ^( R+i #i( M) ). 

By (|2~5l) . flUI , (f277]> and f[278|) . there is a subsequence of {u^} (still denoted by 
{/'}) and a function 6 i°°([0, S], H l (M)) n L 2 ([0, 5], H 2 {M)) with t «(i) G 
L 2 ([0,£],Z 2 (M)) such that u weak* in L°°([0, J],if 1 (M)) and weakly in 
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L 2 ([0, 8], H 2 (M)). Then we have u'*' -> u strongly in L 2 ([0, 6},H 1 (M)) and u(t) 6 
C([0,S],L 2 (M)). Hence A^(t) -» A(i) strongly in L 2 ([0,(5]). Thus, we get a local 
strong solution to problem (jl.ip . Next, starting from i = <5 we can extend the local 
solution to [0, 26] in exactly the same way as above. By induction, we have a global 
solution to problem (|1.1[) .D 

The proof of Theorem [5] is similar to Theorem Q] with slight modification. 

Proof of Theorem [2j Let us define a scries by 

r «(°) = g ,\W(t) = / M (|vu( fc )| 2 + ( w W)f +1 )dx, 

(2.9) I dtu^+V = Au( fe+1 ) + A«(t)u( fc+1 ) - (u k+1 )P, 
{ U ( k +V(x,0)=g(x), 

which are a series of initial boundary value problems of linear parabolic systems. 
By the maximum principle, we know that > 0. 

To prove the convergence of series {u^} constructed above, we estimate for 
k > 

(2.10) ~ f \u ( - k +^\ 2 dx+ [ (\Vu^\ 2 + (u^) p+1 )dx 
2 at J M J m 

= \W(t) / \u^\ 2 dx, 
Jm 

(2.11) I A f \Vu ( - k+1 '>\ 2 dx+ f \Au ( - k+1 '>\ 2 dx + f p{u {k+ Vy- l \Vu {k+ V\ 2 dx 
2 at J M J M J M 

= A«(t) [ |W fe+1) | 2 dx, 
Jm 

(2.12) 11 f \Vu^\ 2 dx+ [ \ u { k+1) \ 2 dx + —- [ {u^f +1 dx 
2 ^ J M Jm P+ 1 at J M 

(2.13) —4- I {u^Y +1 dx+ [ p(u k+1 y- 1 \Vu ( - k+ V\ 2 dx+ [ (u^) 2p dx 
p+ldt J M J M J M 

= x^(t) [ { U ^y +1 dx. 

Jm 

By and (233), we have ^ J M | Vu( fe+1 > | 2 da; < 2A<*>(f) J M | W fc+1 > | 2 cfa and 

^/ M ( M ( fc+1 ))P+ 1 ^ < (p + l)\^(t) f M (u( k +V)P +1 dx. Hence ^A^ 1 ) < (p + 
l)A«A( fc+1 ) and A< fc+1 ) < J M (\ Vg\ 2 + gP +1 )dx • exp((p + 1) f* \W>dt). By in- 
duction, there is S depending only on J M \Vg\ 2 dx and J M g p+1 dx such that 

(2.14) A (fe+1) (i) < c 5 , farte[0,tf],Jfe>l, 

where C5 is a constant depending on J M \\7g\ 2 dx and J M g p+1 dx. Hence 

(2.15) f \Vu( k+ V\ 2 dx < c 5 , / | W ( fe+1 )| p+1 da; < c 5 for * e [0,(5], jfc > 1. 
Jm Jm 

Now we integrate (|2 . 1 1 1) with t and we get 

- / \Vu(t)^\ 2 dx~- [ \Vu(0Y k+ V\ 2 dx+ f [ \Au^\ 2 dxdt 
2 Jm 2 J M J J m 
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6 [ p(u^) p - x \Vu^\ 2 dxdt= [ A<*>(*) / \Vu^\ 2 dxdt. 

J M Jo JM 



We then have 

rS 



f f \Au^\ 2 dxdt < I f \Vg\ 2 dx+ f A (fe) (*) / |W fe+1 )| 2 <fcdi. 



Hence 
(2.16) 



/ / \Au {k+1) \ 2 dxdt < ce, 



where c 6 depending on J M |g| 2 cfa; and f M \Vg\ 2 dx. Integrating (|2.12p with t, we get 
' ' 'V U (i)( fc+1 )| 2 dx-i / \S7u(0)^\ 2 dx + f [ \u<f +1) \ 2 dxdt 



L JM L JM JO JM 

' f (u( k+1 \t)r +1 dx-— f gP +1 dx= f / \u^\ 2 dxdt. 



M 



P + 1 Jm P+ l Jm Jo 2 dt 

We then have 

f [ \ur i] \ 2 d X dt< l -f iv. 9 i 2 ^+4- / 9 p+i dx + [ 5 ^± [ 

Jo jm l jm ft J. Jm Jo z az j m 



Hence 

(2.17) / f \u<i k+1) \ 2 dxdt<c 7 , 

Jo Jm 

where cj depending on J M \g\ 2 dx, J M [Vg\ 2 dx and J M g p+1 dx. 

By (JHHD, (gUS]), (j^rk)l and ([237) . there is a subsequence of {w^} (still de- 
noted by {/>}) and a function u(t) G L°°([Q, 5], if x (M)) n Z 2 ([0, £], H 2 (M)) n 
L~([0,<5],£ P+1 (M)) with 9tu(i) G L 2 ([G,tf],Z 2 (M)) such that it<» u weak* in 
L°°([0, 5], H l {M)), weakly in L 2 ([0, <5], # 2 (M)) and weakly in L°°([0, 5], L P+1 (M)). 
Then we have -> u strongly in L 2 ([0, 5], if^M)) and u(t) G C([0, <5], L 2 {M)). 
Hence A<*>(*) -» A(t) strongly in L 2 ([0,S}). Thus, we get a local strong solution 
to problem (|1.2[) . Next, starting from £ = (5 we can extend the local solution to 
[0, 25] in exactly the same way as above. By induction, we have a global solution 
to problem (Tpjl . □ 

Now we can study the stability for the problem (|1.1|) and problem (|1.2|) . 

Proof of Theorem [3j By the arguments in Theorem [TJ we can take a constant 

C such that all ||m||l^(r + ,_h-i(m))j IMIl°°(k+,.h' 1 (-M'))' II^IU^CK+.i? 1 ^))' II^«(*)IU 00 (k+) 
and ||A ll (t)||^oo(- R+ -) not less than C, where C is only depending on upper bound of 
\\9u\\m(M),\\9v\\m(M) and ||A|| i0 o( R+!H i( M) ). First we calculate 

2 eft 



(u — v) dx = / (u — v)(u t — v t )dx 
m Jm 



(u — v)(A(u — v) + X u (t)u — \ v (t)v)dx 

M 

\\7 (u - v)\ 2 dx + / (u - v)(X u (t)u - Xa(t)v)dx 
m Jm 



8 LI MA, LIANG CHENG 

Note that 

/ (u — v)(X u (t)u — X v (t)v)dx 
Jm 

= (A„(i) — X v (t)) / (u — v)udx + X v (t) / (u — v) 2 dx 
Jm Jm 



\X u (t) - X v (t)\( [ (u-v) 2 dx)i{[ u 2 dx)^+X v (t) f (u-v) 2 
Jm Jm Jm 

C\X u (t) - X v (t)\( [ {u-vfdx) 1 ! +C [ {u-vfdx, 
Jm Jm 



and 



\X u (t) - X v (t)\ = \ f ((\Vu\ 2 -\Vv\ 2 )-(uA-vA))dx\ 
Jm 

< / \V(u-v)\(\Vu\ + \Vv\)dx + \ / {u-v)Adx\ 
Jm Jm 



< (f \V{u-v)\ 2 dx)^{( {\Vu\ + \Vv\fdx)^ 
Jm Jm 

+([ (u-v) 2 dx)?([ A 2 dx)^ 
Jm Jm 

(2.18) < C([ |V(u- v)\ 2 dx)^ +C{ f {u-vfdx)^. 

Jm Jm 



We have 

1 d 

Ydt 



(u — v) 2 dx 



M 



< -[ \V(u-v)\ 2 dx + C 2 ( f \V(u-v)\ 2 dx)i( f {u-vfdx) 1 * 

Jm Jm Jm 

+C 2 f (u - vfdx + C [ (u- vfdx 
Jm Jm 

< -\ I \V(u - v)\ 2 dx + + C 2 + C) [ (u-v) 2 dx. 

2 Jm 2 J M 

By Gronwall inequality, we have 



\u - v\\ 2 L , < \\g u - g v \\ 2 L2 exp((^ + C 2 + C)t). 



Further more, 



\~T f |V(u-w)| 2 dx = f V(u - v) ■ V(u - v) t dx 
2 dt J M J M 

= A(u — v) ■ (u — v) t dx 

Jm 



m 

A(u — v) ■ (A(u — v) + X u (t)u — X v {t)v)dx 

M 

= - (A(u-v)) 2 dx + V(u-v) ■ V(X u (t)u- X v (t)v)da 
Jm Jm 
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Likewise, 

V(u - v) ■ V(X u (t)u - X v (t)v)dx 

M 

= (X u (t) - A„(t)) / V(w-u) • Vudx + X v (t) / |V(u-w)| 2 da; 

< \X u (t) - X v (t)\( I \V(u-v)\ 2 dx)i( I \Vu\ 2 dx)^ + X v (t) I \V{u-v)\ 2 dx 

Jm Jm Jm 

< C\X u (t) - X v (t)\( I \V(u-v)\ 2 dx)i +C [ \V(u-v)\ 2 dx. 

Jm Jm 

By Poincare inequality and (|2.18p . we have 

\X u {t) - X v {t)\ < C'{( \V(u-v)\ 2 dx)K 
Jm 

where C is a constant depending on the constant of Poincare inequality and C. We 
take a constant of the maximum of C and C , and still denote it C for convenience. 
Then we have 

ld_ 

2di 



V(u - v)\ z dx < (C J + C) / |V(u - v)\ z dx. 
m Jm 



By Gronwall inequality, we have 

||V(« - v)\\ 2 L2 < ||V(ff u - g v )\\h exp((C 2 + C)t). 

□ 

Proof of Theorem [4j By the arguments in Theorem^ we can take a constant 

Csuchthat all ||u|| L oo (R+ifl -i( M) ), \\v\\ l ^( Vl+:H 1 (m))^ \\ u \\l°°(r + ,l°°(m))i MIl°°(r+, l°°(m))i 
\\^u{t)\\L°°(VL + ) an d ||A t) (t)||i«>(M + ) are not less than C, where C is only depending 
on upper bound of \\gu\\m(M),\\9v\\m(M), \\9u\\l°°(M), ll^lli~(M)- We calculate 

ld_ 

Ydt 



[u — v) dx = I (u — v)(u t — v t )dx 
m Jm 



(u - v)(A(u -v) + X u (t)u - X v (t)v - (u p - v p ))dx 

M 

< - |V(it - v)\ 2 dx + / (u - v)(X u (t)u - X v (t)v)dx 
Jm Jm 



Note that 

(u — v)(X u (t)u — X v (t)v)dx 



M 

— (X u (t) — A„(t)) / (u — v)udx + X v (t) / (u~v) 2 dx 
Jm Jm 

< \X u (t) - X v (t)\( (u-v) 2 dx)?( u 2 dx)?+X v (t) (u-v) 2 dx 

Jm Jm Jm 

< C\X u (t) - X v (t)\( [ (it- vfdx) 1 ! +C [ {u-vfdx, 

Jm Jm 
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and 



|A„(i)-A„(i)| = / ((\Wu\ 2 - \Wv\ 2 ) + (u p+1 - v p+1 ))dx\ 
Jm 

f f v p+1 — v p+1 

< / |V(u - v)\(\Vu\ + \Vv\)dx + | / (u-v)( )dx\ 

Jm Jm u-v 



< (/ \V(u-v)\ z dx)i( / (|Vu| + \Vv\) 2 dx)2 
Jm Jm 

+(/ (u-v) 2 dx)H[ ( uP+1 ~ vP+1 ) 2 dx)? 
Jm Jm u-v 

(2.19) < C([ \W(u-v)\ 2 dx)^ +C{ f {u-vfdx)^. 

Jm Jm 



We have 



\H M {U - Vfd3 



< \V{u-v)\ z dx + C 2 { \V(u-v)\ z dx)z{ {u-vydx)* 

<m Jm Jm 

^2, 



+C 2 f (u - vfdx + C f {u-vf 
Jm Jm 

< -\ I \V(u - v)\ 2 dx + + C 2 + C) [ (u-v) 2 dx. 
2 Jm 2 J M 



' m z Jm 

By Gronwall inequality, we have 

C A 

\\u - v\\\ 2 < \\g u - g v \\ 2 L , exp((— + C 2 + C)t). 

Further more, 

) t dx 



~f \V{u-v)\ 2 dx = [ V(« - v) ■ V(u - v) t 
1 at Jm Jm 

= A(u — v)-(u — v) t dx 

Jm 

= - I A(u - v) ■ (A(u -v) + X u (t)u - X v (t)v - (u p - v p ))da 
Jm 

= - (A(u-v)) 2 dx + / V(u-v) ■ V(X u (t)u- X v (t)v)dx 
Jm Jm 

+ I A(u — v) ■ (u p - v p )dx. 
Jm 



Note that 



f A(u - v) ■ (u p - v p )dx 
Jm 

< \ [ (A(u v)) 2 dx + \( (u p - v p ) 
z Jm l Jm 



im a Jm 

= \f {A{u-v)fdx + \ f (u-v) 2 (^—^) 2 dx 
2 J M 2 J M u-v 

< \ I (A(u-v)) 2 dx + ^ f {u-vfdx 
2 Jm 2 J M 
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Likewise, 

V(u - v) ■ V(A u (i)u - X v (t)v)dx 



M 

= (A„(i) - X v (t)) / \7(u-v)-X7udx + X v (t) \X7(u~v)\ 2 dx 

J M JM 

< \X u (t) - X v (t)\{ [ \V{u-v)\ 2 dx)^{( \Vu\ 2 dx)i + X v (t) [ \V(u-v)\ 2 dx 

JM JM JM 

< C\X u (t) - X v {t)\( I \X7(u-v)\ 2 dx)? +C I \V(u-v)\ 2 dx 

JM JM 

< C 2 ([ |V(it- v)\ 2 dx+ ( / \X7(u-v)\ 2 dx)?( [ (u-vfdx)?) 

JM JM JM 

+C [ \\7(u-v)\ 2 dx 

JM 

< (ic 2 + C) [ \V(u~v)\ 2 dx+ ( ^- [ (u-v) 2 dx, 

2 Jm 2 J M 

where the second inequality follows by (|2.19j) . Then we have 

\t I \^{u-v)\ 2 dx < dc 2 + C)f \W(u-v)\ 2 dx+^-^ f (u~v) 2 dx 
2 dt J M 2 J M 2 J M 

< C [ \V{u-v)\ 2 dx, 

JM 

where the second inequality follows by Poincare inequality and C is a constant 
depending on the constant of Poincare inequality and C. By Gronwall inequality, 
we have 

||V(« - v)\\\ 2 < \\V(g u - g v )\\ 2 L2 exp(C"i). 

□ 

Finally, we give the proofs of Corollary \5\ and Corollary [5] below. 
Proof of Corollary [5} 

Since 



— — f \Vu\ 2 dx + [ (ut) 2 dx = f u t Adx, 
2 dt J M J M J M 



we have 



/ \S7u\ 2 dx - / \Vg\ 2 dx + 2 [ [ (u t ) 2 dxdt = 2 [ [ u t Adxdt, 
Jm jm Jo Jm Jo Jm 

Since A e L 2 (R+, L 2 (M)), we get 

(2.20) / [ {u t ) 2 dxdt< [ \Vg\ 2 dx+ [ [ A 2 dxdt<C. 

JO JM JM JO JM 

So J M (ut) 2 dxdt — * as s — > oo. 

By the arguments in Theorem[TJ we have X(t) = J M (\ Vu\ 2 — uA)dx is continuous, 
uniformly bounded in t G [0, oo). Moreover, u £ L 00 (R + , H 1 (M)) . Then we can 
take a subsequence {U} with t- t — > oo such that Ui{x) = u(x,ti), A(i;) — > Xoo- By 
(f2~2"u| and Theorem [2 we have 

Ui -> Uoo in L 2 (M), 
Ui Uoo in H 1 {M), 
d tUi - (X(U) - X^m ^ in L 2 (M). 
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Since dtUi — (A(fcj) — \oo)ui = Avu + XooUi + A, Uoo G H 1 solves the equation 
Azioo 4- Aooiioo + A = in M and J M \uoo\ 2 dx — 1. □ 

Proof of Corollary [6l 
Since 

i± f \Vu\ 2 dx = - I ( Ut ) 2 dx-—4- I uP +1 dx, 
2dtJ M J M p+ldtJ M 

we have 

(2.21) X(t) + 2 [ [ \u t \ 2 dxdt = [ (|V. g | 2 + — ^— g p+1 )dx + ?—^ [ u p+1 dx. 
Jo Jm Jm P+ l P+ l Jm 

By the arguments in Theorem [2 we have A(t) = J M (|Vu| 2 + u p+1 )dx is con- 
tinuous, uniformly bounded in t G [0, oo). Moreover, u g L°°(R + , H 1 (M)) and 
u G L°°(M_|_, L P+1 (M)). Then we can take a subsequence {ti} with i, — » oo such 
that Wj(a;) = u(x,ti), \(U) — > Aoo. By (|2.21| and Theorem[2j we have 

Uj — > Uqo in L 2 (M), 
Ui in ff x (M) and L P (M), 

fttii - (A(ti) - Aoo)«i -» in L 2 (M). 

Since Stu^ — (A(ij) — Aoo)ui = Au^ + AooUi — uf, Ui G i? 1 solves the equation 
Auoo + AooUqo — u^o = in M and J M |uoo| 2 rfa; = 1. □ 

3. Gradient estimates 

This section is devoted to the proofs of Theorem [7] and Theorem [H We show in 
this section that the Harnack quantity trick introduced in the fundamental work of 
P.Li and S.T.Yau. The trick is to find a suitable Harnack quantity and apply the 
maximum principle in a nice way. 

Proof of Theorem \7\ Let u > be a smooth solution to the heat equation on 
M x [0, T) 

(3.1) (d t - A)u = \{t)u + A(x,t). 
Set 

w = logu. 

Then we have 

(3.2) (d t - A)w = \Vw\ 2 + (X + u^A). 

Following Li-Yau [H] we let F = i(|Vu;| 2 + a(A + u~ 1 A) — aw t ) (where a > 1) 
be the Harnack quantity for (|3.ip . Then we have 

p 

\Vw\ 2 = — - a(X + vT l A) + aw t , 

Aw = w t - \Vw\ 2 - (A + u- x A) = (1 - -)Nw\ 2 . 

at a 

and 

_ p 

w t - Aw= \Vw\ 2 + (A + u~ 1 A) = — + (1 - a)(A + u~ 1 A) + aw t . 

Note that 

(d t - AW = 2VwVwt + — (A + u~ l A). 

dt 

Using the Bochner formula, we have 

(dt - A)|Vu;| 2 = 2VwVw t - [2\D 2 w\ 2 + 2(Vw, VAw) + 2Ric(Vw, Vw)], 
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and using p.2|) we get 

(d t - A)|Vw| 2 = 2VwV(w t - Aw) - [2\D 2 w\ 2 + 2Ric(Vw, Vw)], 
which can be rewritten as 

(d t - A)|Vw| 2 = 2VwV[y + (l-a)(X+u- 1 A) + aw t \ - [2\D 2 w\ 2 + 2Ric(Vw, Vw)]. 
Then we have 

(d t - A)(|Vw| 2 - aw t ) = 2VwV[j + (1 - a) (A + u^A)] 

-\2\D 2 w\ 2 + 2Ric(Vw, Vw)} ~ a^-(\ + u~ l A). 

dt 

Hence 

(d t - A)(| Vw| 2 - aw t + a(A + u^A)) 
= (d t - A)(| Vw| 2 - aw t ) + a(d t - A)(A + u -1 A)) 

= 2VwV[j + (1 - a) (A + u^A)} - [2\D 2 w\ 2 + 2Ric{Vw, Vw)} - a— (A + u~ x A) 

+a(d t - A)(\ + u- l A)) 
= 2VwV[j + (1 - o)(u -1 A)] - [2\D 2 w\ 2 + 2Ric{Vw, Vw)] - aA^A). 
Then we have 

(dt - A)F = j+ 2tVwV[j + (1 - o)(u _1 A)] 
~t[2\D 2 w\ 2 + 2Ric(Vw, Vw)} - atA(u^A). 

Assume that 

sup F > 0. 

Mx[0,T] 

Applying the maximum principle at the maximum point (z, s), we then have 

(dt - A)F >0,VF = 0. 
In the following our computation is always at the point (z, s). So we get 

(3.3) — +2(1 - ajsVwVU^A) - s[2\D 2 w\ 2 + 2Ric{Vw, Vw)} - as A(u -1 A) > 0. 
s 

That is 

(3.4) F - as 2 A{u' 1 A) > 2 (a - l)s 2 VtoV(u -1 A) + s 2 [2|L> 2 w| 2 + 2Ric(Vw, Vw)]. 
Set 

|Vw| 2 
H = —j^—(z,s). 

Then at (z, s), 

\Vw\ 2 = fiF. 

Hence 

A VA AVu VA A 
V— = 5- = Vw. 

u u u u u 

„ „A Vw-VA A,„ „ IVwIIVAI A,„ l2 
Vw ■ V— = Vw 2 > - l - Vw 2 

u u u u u 



So 



,3.5) -MvSF.Vs-jK.^^ 

u u 2 u 2 u 
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Further more, we have 

(dt-A^u^A) = -{d t -A)A-^{d t -A)u+^Vu-VA-2^\Vu\ 2 

U U z U z If 3 

= -(dt- A) A - 4-(Aw + A) + -Vw ■ VA - 2-lVwl 2 

< -(d t -A)A-4,(Xu + A) + -JJlF\VA\-2-nF 

u u z u u 

l/o \ \ a A,, , uF \WA\ 2 A 

< -(d t -A)A (A + u A) + — h --2-{iF, 

u u u u u 



and 



d t {u A) = -u t 



2 

U U 

A t A 

= w t 

u u 

= A l- A .{l{^ w f-l ) + { X + u ^ A )) 
u u a s 

At A F , 1 , A , , i . 

= — (/«--) {\ + u~ 1 A). 

u u a s u 

Hence 

(3.6) - A^A) = {d t - A)(u _1 A) - at(u- x A) 

A^4 IVAI 2 1 — 2.4 A F . 1 N 
< + l - L + M F + (/i - -) 

u u u u a s 

AA \VA\ 2 1-2A A F 

< h J H (J.F H j*. 

it it it u a 



Note that 



|D 2 u>| 2 + Ric(Ww, Viu) > -\Aw\ 2 - i£"|Vt 



So 



|£> 2 w| 2 + Ric{Vw, Vw) > -(— + (1 - -)|Vw| 2 ) 2 - K\ Vw| 2 

n as a 



(3.7) = — (l + (l-i),,) 2 -.R^F. 

n as a 

Substituting (J3TSJ) {3l| and (J37ZJ) into (pT3|) . we get 

2 2 

F + — (-AA + |VA| 2 ) + M F— (a + (1 - 2aU) 
it it 

o, , IVAI 2 , N ,1 + 2A 2F 2 1 1, s9 9 

> -s 2 a - IV - - (a - I s 2 + (- + (1 - -)its) - 2s 2 K i iF. 

u u n a a 

Assume that 

F > —{-AA + \VA\ 2 ) + s 2 {a - 1)^^, 
u u 

for otherwise we are done. Then we have 

s 2 1 + 2A 

2F + fiF—(a + (1 - 2a)A) + (a - l)s 2 fiF + 2s 2 KfiF 

u u 

2F 2 ,1 , 1 . . 9 

n a a 
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Simplifying this inequality, we get 



2F 1 2 lis 
< h 



n a 2 ~ (1 + (a - l)^s) 2 (1 + (a - l)^s) 2 

■s(u -1 (a + (1 - 2a)A) + it -1 (a - 1)(1 + 2 A) + 2K). 

Hence we have the estimate for F at (z, s) such that 

F(z,s) < C(u-\ \A\, \VA\, \AA\,K,a,T), 

which is the desired gradient estimate. □ 

The idea proof of Theorem [5] is similar to Theorem [7] 

Proof of Theorem [8j Let u > be a smooth solution to the heat equation on 
M x [0, T) 

(3.8) (ft - A)u = X(t)u - u p . 
Set 

w = logu. 

Then we have 

(3.9) (dt-A)w = \Vw\ 2 + (\-u p - 1 ). 

Following Li-Yau [T3] we let F = t(\ Vw\ 2 + a(X — vP^ 1 ) — aw t ) (where a > 1) be 
the Harnack quantity for (|3.8[) . Then we have 



and 



\Vw\ 2 = o(A - u p - v ) + aw t , 

Aw = w t - \Vw\ 2 — (A - up- 1 ) = -— - (1 - -)|Vuf. 

at a 

w t - Aw = \Vw\ 2 + (A - v?- 1 ) = — + (1 - a) (A - u^ 1 ) + au> t . 



Note that 

(ft - A)w t = 2VwVw t + j t (X - u 1 " 1 ). 
Using the Bochncr formula, we have 

(ft - A)|Vw| 2 = 2VwVw f - [2\D 2 w\ 2 + 2(Vw, VAid) + 2Ric(Vw, Vw)], 
and using (|3.9p we get 

(ft - A) | Vw\ 2 = 2VwV(w t - Aw) - [2\D 2 w\ 2 + 2Ric{Vw, Vw)}, 
which can be rewritten as 

(ft - A)| Vw| 2 = 2VwV[j + (1 - o)(A- up- 1 ) + awt] - [2\D 2 w\ 2 + 2Ric(Vw, Vw) 
Then we have 

(ft - A)(\Vw\ 2 - aw t ) = 2VwV[j + (1 - o)(A - u^ 1 )] 
-[2\D 2 w\ 2 + 2Ric(Vw, Vw)} ~ a j t ^- uP ^)- 
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Hence 

(d t - A)(\Vw\ 2 - awt + o(A - up- 1 )) 
= (d t - A)(\Vw\ 2 - awt) + a(d t - A)(A - u^ 1 )) 

= 2VwV[j + (1 - o)(A - w^ -1 )] - [2\D 2 w\ 2 + 2Ric(Vw, Vw)] 

-aj t (\ - up- 1 ) + a(d t - A)(A - up- 1 )) 

= 2VwV[j + (a - l)u p_1 ] - [2\D 2 w\ 2 + 2Ric(Vw, Vw)} + aAvP' 1 . 
Then we have 

(dt -A)F=j + 2tVwV[j + (a- l)^" 1 ] 
-t[2|L> 2 u;| 2 + 2Ric(Vw, Vw)] + crfA^" 1 . 

Assume that 

sup F > 0. 

Mx[0,T] 

Applying the maximum principle at the maximum point (z, s), we then have 

(d t - A)F > 0, VF = 0. 
In the following our computation is always at the point (z, s). So we get 

(3.10) - + 2 (a - 1)sVwV« p_1 - s[2|D 2 w| 2 + 2Ric(Vw, Vw)] + asAu^ 1 > 0. 
s 

That is 

(3.11) F + 2(o - l)s 2 VwVw p - 1 + as 2 Au p - 1 > s 2 [2\D 2 w\ 2 + 2Ric(Vw, Vw)]. 
Set 

\Vw\ 2 

(1 = — ^— (z,s). 

Then at (z, s), 

\Ww\ 2 = fiF. 

Hence 

(3.12) VwVuP- 1 = (p - l)u p_1 1 Vw| 2 = (p - l)u p " V^- 
Since 

— = — — (A - u^ 1 ) = w t — (A — U*" 1 ) = -(-- + \Vw\ 2 ). 
u u as 

We have 

A 7/ 

AuP- 1 = (p-l)u p - 1 — + ( P -l)(p-2)uP- 3 \Vu\ 2 

= (p - l)^" 1 ^-- + |Vu;| 2 ) + (p - l)(p - 2K- 1 |Vu;| 2 
a s 

(3.13) = (p-l)w p - 1 i(-^+ A iF) + (p-l)(p-2) U P-V^ 
Note that 

|L> 2 w| 2 + Ric(Vw, Vw) > -\Aw\ 2 - K \Vw\ 2 . 

So 

\D 2 w\ 2 + Ric(Vw, Vw) > -(— + (1 - -)|Vw| 2 ) 2 - K\Vw\ 2 

n as a 
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(3.14) = ^(i + (i_I) M )2_ w 

n as a 

Substituting (|3~T2"j) (|3~T5|) and ([3~T4]) into (j^TT|) . we get 

F + 2s 2 (a -l)(p- l)^- 1 ^ + s(p - l)u p ~ l F(jis - 1) 

2F 2 1 1 

+as 2 (p - - 2)u p - 1 nF > (- + (1 - -)a*s) 2 - 2s 2 A>F. 

n a a 

Simplifying this inequality, we get 

2F 1 1 us 
< 1 

n a 2 ~ (1 + (a - l)/is) 2 (1 + (a - l)^s) 2 

•s(2(a - l)(p - l)« p_1 + (p - l)u p_1 + a(p - l)|p - 2\u p ~ 1 + 2K) 
Hence we have the estimate for F at (z, s) such that 

F{z,s)<C{v?-\K,a,p,T), 
which is the desired gradient estimate. □ 
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